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In this Letter we present for the first time a viable 
flavor model of fermion masses and mixing that is able 
to account for all currently observed data, where we have 
employed the smallest group A(27) in which CP-violation 
of geometrical origin arises spontaneously during elec- 
troweak symmetry breaking through a unique complex 
vacuum expectation value (VEV). We require the La- 
grangian to be invariant under the Standard Model (SM) 
gauge group, a discrete non-Abelian symmetry, and CP, 
which necessitates the introduction of additional scalars. 
We show that the extended scalar sector in this model 
contains novel phenomenology testable at the LHC. 

The origin of CP violation is currently an open ques- 
tion in particle physics. In the SM, CP is broken due to 
complex Yukawa couplings and CP violation manifests 
itself in charged weak interactions through the Cabibbo- 
Kobayashi-Maskawa (CKM) matrix. Going beyond the 
SM it is possible to explore the origin of CP violation, 
and breaking CP spontaneously is particularly appeal- 
ing [11 [5] . In the framework of spontaneous CP violation, 
CP is a symmetry of the Lagrangian and therefore its 
parameters are real. CP violation can then arise from 
complex VEVs of the Higgs multiplets, provided the uni- 
tary transformation, t/, given by 

{H,)^{H,r =U.,{H,), (1) 

acting on the Hi and relating the VEV to its complex 
conjugate, is not a symmetry of the Lagrangian. If it is, 
then CP is conserved even though the VEVs are complex. 

In this Letter, the calculable phase arising from geo- 
metrical CP violation (GCPV) is uniquely determined in- 
dependently of the arbitrary parameters of the scalar po- 
tential. GCPV requires at least three Higgs doublets and 
a non-Abelian symmetry [3j. A(27) is known to be the 
smallest group for producing geometrical phases. In [i] 
this was generalized to larger groups obtaining the same 
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calculable phases. Recently, several new phase solutions 
were advanced and expressed in terms of the number of 
scalars and the group [5]. 

So far, viable models of fermion masses and mixing 
within the GCPV framework have not been constructed, 
although promising leading order structures have been 
proposed [2] . It has also been shown that the calculabil- 
ity of phases is robust and survives when the potential in- 
cludes non-renormalizable terms [5] . Motivated by these 
previous works, we attempt here to produce for the first 
time the minimal model of GCPV which can fit all data. 
For this purpose we base ourselves on a A(27) symmetry, 
a discrete subgroup of SU(3) and the smallest group that 
leads to GCPV, and we add only the minimal amount of 
additional matter. 

We assume, without any loss of generality, that 
the three Higgs doublets. Hi, transform as a A(27) 
triplet with an assignment of a 3oi irreducible repre- 
sentation (irrep) with a lower index. Their hermitian 
conjugates H^^ transform as the conjugate representa- 
tion 3o2 with an upper index, constituting the anti- 
triplet. We now clarify our notation and illustrate some 
group properties. We denote the two relevant gen- 
erators of the group as c (cyclic permutation) and d 
(diagonal phases). They operate as c{Hi, H2, H^) — > 
{H2,H^,Hi), c{W\W^,W^) ^ and 
d{Hi,H2,Hs) {H,,u;H2,u;^H3), d{H^\W^,W^) ^ 
{W^,uj^H^^,ujW^), where uj = e'^^/^. There are nine 
distinct singlet irreps lij, where the subscript {ij} de- 
notes how they transform under the generators clij = 
uj'^lij, dlij = uj^lij. More details about A (27) can be 
found in [71 [5]. 

It was shown in [3] that the renormalizable scalar po- 
tential in the A(27) context can lead to a complex VEV 
of the type: 

(H,) =v{lo,1,1), (2) 

that necessarily violates CP, as the corresponding U (see 
Eq. ([1])) is not a symmetry of the potential. We will 
revisit the scalar potential in greater detail later, but 
now it is important to focus on the Yukawa interactions. 
We start with the quarks and recall the results of 
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[3]. In order to make invariant Yukawa terms some of 
the quarks must transform as triplet or anti-triplet un- 
der A (27) [5|- We write the invariants symbolically as 
QHidf^ and QH^^u'^ (without explicit SU(2) indices), with 
Q the left-handed quark doublets and u"^, d"^ as the up 
and down right-handed singlets. As described in |4], by 
choosing Qi as a 3oi we would necessarily require the 
d1 to transform also as a 3oi. Instead, if is a 3o2, 
the u" is forced to be a 3o2- The end result is at least 
one sector has a leading order Yukawa structure given 
by the A(27) invariant 3oj ® 3oi ® 3oj. With the VEV 
in Eq. ([2|, this structure leads to a mass matrix with 
three degenerate quark masses. We therefore conclude 
that Q cannot be assigned as a triplet or an anti-triplet. 
We are thus forced to choose instead u'^ and <F as A(27) 
triplets yielding QHidf^^ and QW^Uj with Q as singlets. 
Both sectors have Yukawas arising as the A(27) invari- 
ants lij (g) (3oi 3o2). Although 3oi (g) 3o2 results in 9 
distinct singlets, the group properties are such that any 
3oi (8>3o2 — ^ lij with i ^ explicitly involves powers of uj 
(complex) , so these possibilities are not allowed by CP in- 
variance of the Lagrangian. To generate a renormalizable 
Yukawa interaction we are then restricted to assign Qi, 
Q2 and Q3 each as one or the other of the three loi sin- 
glets. The remaining possibilities are then assigning all 
three Q in the same singlet irrep or assigning two in the 
same, or all three Q in different irreps. All three struc- 
tures lead to mass matrices that have a special structure 
distinguished by rows. The choice of Q as Iqo, loi or I02 
forces the respective Hi(F^ or W^u'^ product to be Iqo, 
I02 or loi respectively, which essentially amounts to a 
shift in the position of the w in the mass matrix. More 
explicitly the corresponding down mass matrix looks like: 

/ 2/1 yi \ 

Md^v \ 2/2 2/2^ 2/2 (3) 
V 2/3 2/3 ys^^J 

and the associated up quark mass matrix looks very sim- 
ilar (w^ instead of w and the second and third rows 
swapped). Conversely, if Qi, Q2, and Q3 are assigned 
to loo, loo, and I02 respectively, we get: 

/ yiOJ 2/1 yi \ 
Md^v { 2/2W 2/2 2/2 (4) 
V 2/3 2/3 ys^J 

We recall that due to the explicit CP invariance of the 
Lagrangian, the Yukawa couplings are all real, and the 
phase appears only through the complex VEV. At this 
point it is instructive to show the hermitian matrices 

fyf o\ 

MdMl = y2 (5) 

\0 2/3V 

Vanishing off-diagonal entries follow from I+oj + lu'^ =0. 



Finally, for Md we have: 

/ yi 2/12/2 o\ 

MdAf] = 2/12/2 2/i (6) 

V yi) 

Note that the determinant of this structure is zero but 
it has two non- vanishing masses. The last choice, all 
generations of Q in the same singlet irrep leads to a rank 
1 structure with a single non-vanishing mass. Another 
relevant observation is that the complex phase is entirely 
absent in all these hermitian structures. 

In order to obtain a viable CKM matrix it is necessary 
to generate additional off-diagonal terms. The minimal 
way to do this is to add a gauge singlet scalar that is a 
non-trivial A(27) singlet, which we denote as </). Without 
any loss of generality we place (j) in the irrep loi. This 
enables a new non-renormalizable Yukawa coefficient per 
row, associated with terms of the type QHidf^^cf). For Qi, 
Q2, and in loo, loo, and I02 respectively, we have to 
add to Md the corresponding mass matrix: 

/ 2/01 y<t>i^ 2/0i\ 
= v\ 2/02 2/02W 2/02 (7) 

\2/03W 2/03 2/03 / 

From the interference MdM^^ + M^M\ we obtain the re- 
quired off-diagonal entries whereas the effect of M^M^ 

can be absorbed within the structure of MdM\. 

A complex phase in the CKM matrix requires that 
the hermitian matrices of the MM^ type are complex, 
which is not the case up to now. To preserve the com- 
plex phase in the hermitian matrices requires a further 
augmentation. The minimal possibility is to consider the 
non-renormalizable interactions that contain higher pow- 
ers of H e.g. QHi(F^ {HkH^^) . The only non-trivial struc- 
ture that we extract from the last non-renormalizable 
combination is: 

/ 2/Hi Vhi^"^ 2/i/iW^\ 

Mh = V yH2 yH2^'^ yH20J^ (8) 
\2/H3W^ yH3(^^ VHS J 

where the identity 1 + + = was used and the exist- 
ing coefficients were redefined to absorb similar entries in 
the mass matrix. From the interference MdMjj + Mh 
we obtain the phases that enable complex CKM elements, 
whereas both M^Mj^ + MhM^ and MhMIj give struc- 
tures that do not qualitatively change the analysis. The 
essential point is that the presence of Mh is crucial to 
generate the phase. 

Note that M^ and Mh are the minimal mandatory 
additions that are necessary for a perfect fit to the ex- 
isting data. Following the above chain of arguments, we 
finally write the relevant Lagrangian, explicitly showing 
the A(27) multiplet indices, as: 

(9) 
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FIG. 1. The experimental spread of the Wolfenstein param- 
eters A, A, fj and p around their central values 0. Crosses 
denote our model values. 



In fact we found that the only choice that favorably ac- 
counts for the precision flavor data is when Qi, Q2 and 
are chosen as Iqo, loo and I02 respectively. Con- 
cerning the up quark sector, M^M^ can be considered 
to be diagonal, and we need only one additional non- 
renormalizable Yukawa in order to generate the small up 
quark mass. In Fig. [T] we show that with this choice 
we can successfully reproduce the Wolfenstein parame- 
ters from [9] (the values we obtained are presented in the 
right column below): 



A'^'^P = 0.22535 ± 0.00065 A = 0.22534, 

0.022 
0.012 

0.026 
0.013 

0.013 
0.014 



A^'^P = 0.811 
p'^'^P = 0.131 



fj '^^P = 0.345 



A = 0.810, 
p = 0.129, 
fj = 0.344. 



(10) 



What about the leptons? This sector is experimentally 
less constrained than the quark sector. The possible in- 
variants depend on what is responsible for the generation 
of neutrino masses e.g. the type of seesaw mechanism, 
as discussed in [TU] . In addition to the structures that fit 
the quark sector, other representation choices can also 
work in the lepton sector. A leptonic model based on the 
3oi (81 3oi 3oi invariants in A(27) has been discussed in 
[IT] (for the A4 group see the detailed analysis in [H]). 

We now turn our attention to the scalar potential 
which contains the A (27) triplet Hi as well as cj). The 
full renormalizable potential is (recalling that all cou- 
plings are real): 



V{H,(t)) = m 
+Ai [{H^Hlf 

+ A4(#^)'+Ae 



1 

+A2 



HiHI + mjcjxp'^ + m-i{(l)^ + h.c.) 



[HiH, 



+A3 

+ A6 



HiHIHiHI 
<P<j){HiHl) +h.c. 



h.c. 



where the square brackets represent also the cyclic per- 
mutations on the A (27) indices which we do not explicitly 
show. The geometrical phase solution in Eq. ^ is not af- 
fected by (pcj)^ . When A5 and Ae are small, Eq. ^ holds, 
and otherwise one can add a Z4 symmetry acting on 
to trivially enforce them to vanish (in this case Eq.Q 
arises from a 0^ insertion instead of (/), all conclusions re- 
maining unchanged) . For illustration we display only the 
CP-even scalar components (in this class of models, one 
can separately identify scalars and pseudoscalars 1131). 
Following the minimization of the potential and deter- 
mination of the mass eigenvalues, we observed these fea- 
tures: (z) The (j) field is much heavier (beyond 1 TeV) and 
decouples from the SU(2) doublets. More specifically, the 
mass of (j> is determined by A{4 5 gj, while those of /i{a,fc,c} 
are controlled by X{i^2.3}- (**) The physical scalars ha, hb 
and he mix in a very specific way as witnessed in |14H17j 
primarily in the S3 context. The scalar mass squared 
matrix has the structure 
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which leads to one physical scalar ha that is orthogonal 
to the other scalars and has no haVV-type gauge cou- 
plings {V = W,Z). Its Yukawa couphngs to up- and 
down-type quarks are strongly suppressed, except that 
the had and haUC couplings are about 0.45. The other 
physical scalars, hi, and h^, have almost SM-like gauge 
and Yukawa couplings. 

Adjusting the scalar potential couplings, two viable 
scenarios can be identified: (I) There is only one light 
scalar, hi,, that plays the role of the SM-like Higgs found 
near 125 GeV. In this case all other scalars are beyond 
the current exclusion range of the LHC. This may be 
considered as a decoupling limit which reproduces almost 
SM-like scalar structure. (II) A scenario which has richer 
collider consequences emerges when the exotic scalar ha 
is light enough to be produced (either through haUc, or 
through top or heavy scalar decays) at the LHC. Under 
the reasonable assumption that is greater than 1 TeV 
or so we can obtain the following analytic relations: 




(2Aiw2 - 2A2w^ + 3A3?;^) 



(13) 



4/. = ^{5Xiv^ + 4X2V^ ± V3[v\3Xl + 8X1X2 



(11 



- I6A1A3 + 16A^ - 64A2A3 + 64A^)] ^). (14) 

It is possible to adjust the potential couplings Aj to yield 
ruh^ around or perhaps slightly larger than the mass 
125°GeV of the SM-like hb, with he heavier than 600 GeV. 
In this spectacular decay channel opens through 

ha XaZ, fixing m^^ ~ 20 GeV, with subsequent decays 
of the pseudo-scalar Xa to charged leptons of different fla- 
vors (e.g. pr) and of the Z boson to leptons - see Fig. ([2|. 
There is enough freedom in the lepton sector to boost this 
Xa coupling, which may generate a sizable branching ra- 
tio in this channel; however, a more specific prediction 
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FIG. 2. Example of a decay mode of the exotic scalar ha that 
can be tested at the LHC. 



requires a detailed numerical study of the lepton Yukawa 
sector which we do not delve into here. 

In both scenarios (I) and (II) there are quite a few 
heavy scalars above the current LHC limit of 650 GeV 
or so, but their relative heaviness compared to the SM 
Higgs is not a result of fine-tuning of parameters as for 
each heavy state there exists a reasonably independent 
combination of A^-type couplings which simply has to be 
set to a higher value. We have verified this numerically. 
If the LHC bound goes up, we have to accordingly in- 
crease the maximum allowed value of some beyond tt, 
and thus depending on how far the experimental limit 
is pushed up, we would have to consider higher values 
of Xi e.g. up to maximum allowed value of 2tt to go 
over 1 TeV. Note that a proliferation of scalar states be- 
low ITeV in both scenarios (I) and (II), all coupling to 
SM gauge bosons, would affect the energy dependence of 
longitudinal gauge boson scattering. This energy depen- 
dence might be different from the SM expectation due 



to the presence of the extra scalars, whose quantitative 
impact may be probed at the high luminosity option of 
the LHC depending on their masses and couplings. A 
detailed analysis is beyond the scope of this Letter. 

In summary, we have for the first time reproduced the 
CKM mixing matrix in a minimal A(27) flavor model, 
which is the smallest group where one can implement 
spontaneous CP violation of geometrical origin. Since 
quark mixing can be tested in several different inde- 
pendent channels, to reproduce the CKM matrix in a 
minimal scenario is often more difficult than fitting the 
lepton mixing. Within the framework of a large class 
of discrete symmetries it is usually difficult to exclude 
different choices of representations from data. But our 
scenario is quite falsifiable, in the sense that only two 
choices broadly worked, out of which only one set of 
matter and Higgs representations fits the ever growing 
precision of flavor data. The scalar sector of the model 
inherits enough symmetries of the flavor group which in- 
duce exotic scalar decays into multi-lepton of different 
flavors, constituting a smoking gun signal of the model 
testable at the LHC. 
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